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A one-dimensional Klein-Gordon lattice with nearest-neighbor interactions is studied. It is well 
known that this kind of systems can support multibreathers with phase differences between the 
£SJ 1 successive oscillators cj>i — 0, it. In this paper we prove the non-existence of phase-shift breathers i.e. 

multibreathers with cf>i 7^ 0, n in this kind of systems. This fact also determines the linear stability 
of the existing configurations. 
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I. INTRODUCTION 



Since [20), l26( much interest has been drawn in the study of space-localized and time- 
periodic motions in lattices of coupled oscillators. These motions are called discrete 
breathers if the oscillation is localized around one "central" lattice site, while, if there are 
more than one central oscillators, the motion is called multibreather or multi-site breather. 

Some of the applications of these localized modes lie in the fields of DNA double-strand 
dynamics in biophysics (22j, coupled waveguide arrays and photorefractive crystals in non- 
CNJ \ linear optics [1, [Hj], breathing oscillations in micromechanical cantilever arrays 24 1 



localized modes in dusty plasma crystals [H, [l3| Bose- Einstein condensates in optical lat- 
tices in atomic physics and granular crystals (25[. The wide interest about discrete 
breathers- miltibreathers is underlined by the numerous review papers there exist on this 
subject (e.g. mil!!). 

One of the systems in which such motions are studied is the so called Klein-Gordon 
(KG) chain. This is a one-dimensional lattice of oscillators each one possessing a nonlin- 
ear on-site potential and being coupled with its nearest-neighbors with linear forces. The 
existing multibreathers are categorized in terms of the phase differences between the cen- 
tral oscillators. It is well known that KG chains can support multibreathers with phase 
differences between the successive central oscillators (pi — 0,ir. These are the standard 
configurations. Although there were strong evidence that there cannot exist phase-shift 
breathers, i.e. multibreathers with phase differences 4>i ^ 0, 7r, a rigorous proof of this fact 
was not yet achieved. The term phase-shift breathers is used for simplicity, instead of the 
term phase-shift multibreathers, in order to describe these motions, since there can be no 
single-site phase-shift breathers. 

Since the first proof of existence of discrete breathers [l7| there has been several papers 
dealing with the issue of existence and stability of multibrethers in KG chains. In [1J] a 
methodology for proving the existence of multi-site breathers was introduced based in the 
work of [J, [HI and using also the terminology of @ . This methodology was generalized 
for a generic Klein-Gordon chain in [l(| and provided general persistence conditions inde- 
pendently of the precise form of the on-site potential. These results have been generalized 
in [2l[ by considering "holes" between the central oscillators and in [27j by considering an 
FPU chain. 

The fact of the non-existence of phase-shift breathers in KG chains determines also the 
stability of the standard configurations. Specifically in a general theorem about the 
stability of multibreathers is proven based on the assumption of the non-existence of phase- 
shift breathers, which is equivalent with the results of El, as it has been recently shown in 
!• 

In this work we prove that the one-dimensional Klein-Gordon lattice with nearest- 
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neighbor interactions cannot support phase-shift breathers, by proving that the persistence 
conditions provided by [10( do not have solutions other than the standard ones fa — 0, tt. 
On the other hand, as it has been recently shown [ll|, in Klein-Gordon chains with inter- 
actions longer than the nearest-neighbor ones, phase-shift breathers can be supported and 
this fact dramatically changes also the stability picture for this kind of motions. 

The paper is organized as follows. In section|TT]we present briefly the methodology for the 
existence and stability of multibrerthers in KG chains developed in [10| , while we introduce 
some terminology. In section Mil the main theorem about the non-existence of phase-shift 
breathers is proven. 



II. PERSISTENCE AND STABILITY OF MULTIBREATHERS IN ID 
KLEIN-GORDON LATTICES WITH NEAREST-NEIGHBOR INTERACTIONS 



In this section we will shortly present the main results of [10|] . The classical Klein- Gordon 
(KG) setting is defined as a ID chain of coupled oscillators each one moving on a nonlinear 
potential V(x) possessing a local minimum at x = (V'(0) = 0, V"(0) = ui^ > 0). Each 
oscillator is coupled with its two nearest neighbors with a linear coupling force through a 
coupling constant e (FigJTJ). The Hamiltonian of a Klein-Gordon chain with nearest neighbor 




FIG. 1: A one-dimensional Klein-Gordon lattice with nearest-neighbor interactions 
interactions is the following 



H = H Q + eH 1 = 



2 P * 



V(xi) 



(1) 



which leads to the equations of motion 

x'i = -V'(xi) + s(xi_i - 2xi + x i+ i). 



This system is well known to support discrete breather, as well as, multibreather solutions. 

The key notion to the proof of the existence of multibrethears is the notion of the anti- 
continuum limit. This is the limit e — > where the chain consists of uncoupled oscillators. 
In this limit we consider all the oscillators of the chain at rest except for n + 1 adjacent 
"central" ones which move in periodic orbits of frequency u>, but with arbitrary phases. 
This configuration defines a trivially space-localized and time-periodic motion. But, not all 
of these configurations survive for e ^ 0. In order for these motions to persist for e ^ to 
provide multibreathers, specific conditions on the phase differences between the oscillators 
must be satisfied, as well as, some rather generic non-degeneracy conditions. 

In [l[ it was shown that multibreathers correspond to critical points of H eS which in 
first order of approximation is given by H cS = H {Ii) + (Hi)(fa, Ii) [14j. The variables 
4>i = Wi+\ — Wi denote the n phase differences of the n + 1 successive central oscillators, 
while Ii are given by Ii — Y^j=i Jji where {Ji,Wi) are the action-angle variables of a single 
oscillator. 

The average value of the coupling part of the Hamiltonian 

(H^ifaJi) = - (£ Hxiw^faJi)^ 
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is calculated along the orbits in the anti-continuum limit e = 0. 

This yields the conclusion that the persistence conditions for the existence of n + 1-site 
multibreathers are 

^=0, i=l...n, (2) 

as far as two non-degeneragy conditions hold. The first one is the non-resonance condition of 
the breather frequency u) with the phonon frequency ui p i.e. uj p ^ kui. The second condition 
is the anharmonicity condition §j ^ which implies that the oscillation frequency of a single 
oscillator depends on the oscillation amplitude. Note that the persistence conditions are the 
same for every lattice case where the Hamiltonian can be written in the for H = Hq + eH\ 

By using the fact that the motion of the central oscillators for e = can be described by 

oo 

Xi = A m cos(mwi) (3) 

m=0 

the average value of Hi becomes ( [loj appendix A) 

oo n 
m—l s—1 

and the persistence conditions ([5]) become in the case of Klein-Gordon chains with nearest 
neighbor interactions, 



d(Hi) 



M O) = mA m sin(m(t)i) = 0, i = 1 . . . n. (4) 



The function M{4>) possesses the obvious solutions fa — 0, tt, while, as it will be shown in 
the next section it possesses no others. 

In figure[2]all the possible standard 3-site breather configurations are shown. These are (a) 
the in-phase {<pi — (f>2 = 0} configuration, (b) the anti-phase {<p\ — <f>2 = ^} configuration 
and (c) the mixed one {<j)\ =0, 4>2 — One could expect the oscillators which have phase 
difference 4>i — to be exactly one next to the other. Though this is not true as it can be 
also seen in figH] since for e ^ the effect of the rest of the lattice come to play. This is 
true only in the anticontinuum limit e = 0. The on-site potential which is used in order 
to acquire these figures is V(x) = x 2 /2 — 0.15x 3 /3 — 0.05ir 4 /4. The same potential will be 
used for all the numerical calculations throughout this work. 

We have to note here that in a recent preprint [2l| the authors considered configurations 
with holes between the excited oscillators in the anticontinuum limit, by using higher order 
perturbation theory. But, in this work we will only consider adjacent central oscillators. 

The spectral stability of the above mentioned multibreather solutions or, equivalently, the 
linear stability of the corresponding periodic orbits is determined through its characteristics 
exponents o~i. These exponents are connected with the corresponding Floquet multipliers 
by the relation 

Aj = e^ T , 

where T — 2tt/lo is the period of the multibreather. Due to the Hamiltonian character of the 
system there is a pair of exponents identically equal to zero, while the nonzero characteristic 
exponents are given to leading order of approximation by 



"\ - - \i-e^Xzi ' (5) 
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FIG. 2: Snapshots of all the possible 3-site breather configurations. In (a) the in-phase {<f>\ = 
4>2 = 0} configuration is shown, in (b) the anti-phase {(/>i = 4>2 = 7r} and in (c) the mixed one 

{01 =0, <j>2 — 71"}. 



where \z% are the eigenvalues of Z with 



-fl 







2/2 


-h 








— fn-1 


2/n-l 







fn 



(6) 



with 



/i = /(<&) = 2 X! m 2 A^cos(m (? !). i ). 

rn — 1 



(7) 



Note that, for linear stability we require all the Floquet multipliers to lie on the unit 
circle, which is tantamount to all the characteristic exponents being purely imaginary. This 
depends on the sign of P = and the sign of Xz as it can be seen from ([5]). Finally, 
we obtain the following theorem which determines the linear stability of the multibreather 
solutions in a ID Klein-Gordon chain. 

Theorem 1. Under the assumption that has only the (f>i = 0,7r solutions, in systems 
of the form (QJ), if P = e§fj < the only configuration which leads to linearly stable 
multibreather s, for |e| small enough, is the one with 4>i — ^ Vi = 1 . . .n (anti-phase multi- 
breather), while if P > the only linearly stable configuration, for \e\ small enough, is the 
one with (pi — Vz = l...n (in-phase multibreather). Moreover, for P < (respectively, 
P > 0), for unstable configurations, their number of unstable eigenvalues will be precisely 
equal to the number of nearest neighbors which are in- (respectively, in anti-) phase between 
them. 

The above theorem is proven under the assumption of non-existence of phase-shift 
breathers. The proof is based in the counting of the positive and negative eigenvalues 
of Z which as it is shown in ([23| appendix C) it is directly connected with the sign of /(0) 
and fM- The fact that /(0) > is obvious from the definition in (|7|), while the proof of 
f{^) ([lil lemma 3) requires the non-existence of phase shift breathers. 

So, from what it is mentioned above, we can realize that the non-existence of phase- 
shift breathers is crucial, not only in order to exclude the non-supported multibreather 
configurations in ID KG chains but also in order to categorize the supported ones in terms 
of their corresponding stability. 
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III. PROOF OF NONEXISTENCE OF PHASE-SHIFT BREATHERS IN ID 
KLEIN-GORDON CHAINS WITH NEAREST-NEIGHBOR INTERACTIONS 



In this section we will prove that phase-shift breathers cannot be supported in one- 
dimensional Klein-Gordon chains with nearest-neighbor interactions. Note that we use the 
term "phase-shift breathers" instead of the term "phase-shift breathers". This is done 
for simplicity, since the phase-shift breathers are by definition multi-site because they are 
characterized by the phase difference between the central oscillators. 

This will be proven by showing that the persistence conditions Q have only the fa — 0, it 
solutions in the fa 6 [0, 2n) interval. 

In order to prove our main theorem we have first to prove some lemmas. 

Lemma 1. The solutions of M(fa) = coincide with the solutions of I (fa) = / x(w)x(w— 

Jo 

fadw = 0. 

Proof. As we have already mentioned, the displacement of an uncoupled oscillator from the 
equilibrium can be described as an even 27r-periodic function with respect to w = cut + d, 
as 

oo 

x(w) = A m cos(mw). (8) 

m— 

We define the function N(fa) as the opposite of the averaged autocorrelation function of 

x(w) 



N(fa = - — x(w)x(<f> - w)dw. (9) 
2tt Jo 



By substituting ([5} into © we get 

N(fa) = — — ^ ^ A n A m I cos(nui) cos[m(<fr — w)]dw 



n— m— 

or 

oo oo r 2-K 



N(fa) — —- — y y A n A m / {cos[(n — m)w + mfa\ + cos[(n + m)w — m4>]}dw 

^ — n ™ — n J U 



n—0 m—0 

which leads to 



^^--^itcosW). (10) 

m=0 

By differentiation of (jTOj) with respect to <j> we get 

j i oo -, 

-n-N(cP) = - £ mAl sm(mfa) = -M(fa). (11) 
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m=0 



On the other hand, by using the differentiation properties of the convolution function, we 
get from ([5]), 



d 1 f 27r , , d 1 



,-N(fa) = — — / x(w)- — [x((f> — w)]dw — - — / x(w)x(<p — w)dw. (12) 
dip ztt J dw 2noj 



G 



From (|TT|) and (fT2j) we get finally 
M(4>) = 7 TO ^m sin(m^) = — / x(w)x(4> — w)dw = / x(w)x(w — (j))dw. (13) 



m=0 " u " u 

So, 

M(</>) = ^ 7(0) = / x(iu)x(iu - </>)dw = 
Jo 

□ 

Lemma 2. 77ie vaZite of I ((f)) for cj> = or 7r is zero; 7(0) = I(ir) = 0. 
Proof. Let = 

As it can be seen in figEJ both the displacement function x(w) and the corresponding 
velocity x(w) possess some symmetries due to the Hamiltonian character of the oscillation. 
More precisely, x(w) satisfies the symmetries x(w) = x(—w) as well as x(ir — w) = x(ix + w) 
while for x(w) we have x(w) = —x(—w) as well as x(n —w) = —x(n + w). On the other 
hand, x(w) changes sign at w — 7\ and at w = 2n — 7\ (7\ ^ n/2 in general due to the 
nonlinearity of the oscillator), while p(w) changes sign at w = (or 2tt) and w ~ n. In 
addition, x(w) possesses a local maximum at w = 0, 2n and a local minimum at w = 7r, 
while x(w) possesses a local minimum at w — T\ and a local maximum at w = 2tt — Ti . 
Both functions are strictly monotonic between their local extrema. 

So, the integral 7(0) can be divided in four qualitatively different regions as 

7(0) = / x(u>)x(u>)dw = / x(w)x(w)dw + / x(w)x(w)dw + 
Jo Jo Jt x 

r 27T-Ti j-2-lT 

x(w)x(w)dw + / x(w)x(w)dw 
or 

7(0) = h + 7 2 + h + h, (14) 

where Ji, J3 < and 7 2 , 7 4 > 0, as it can be seen in fig (3] 

On the other hand, by using the symmetries mentioned earlier, we have 

x(z) = x(—z) = x(2ix — z) and x(z) — — x(— z) = —x(2ir — z) 

which gives, by multiplication by parts, 

x(z)x(z) — —x(2ir — z)x(2ir — z) =4> / x(z)x(z)dz = — I x(2tt — z)x(2n — z)dz 

Jo Jo 

or, by substituting v% = z to the lhs of the above equation and V2 = 7r — z to the rhs, we get 

a;(wi)i(wi)dwi = — / x(v 2 )x(v2)dv2 

J2tt-T x 

and since v\ and V2 are dummy variables, we finally get 

Ti p2-rr 

x(w)x(w)dw = — I x(w)x(w)dw =£- 7i = —I4. (15) 

J2tt-Ti 
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FIG. 3: The displacement x(w) and the velocity x(w) of an uncoupled oscillator in the 
In the figure, the different integration intervals are depicted. 



= case. 



On the other hand, he have 

x(ir + z) = x(ir — z) and x(ir + z) — — x(ir — z), 

which gives 

x(jr + z)x(tt + z) = —x{tt — z)x(ir — z) => 



7T-Ti 



7T-Tl 



x(z + n)x(z + n)dz = — I x(tt — z)x(tt — z)dz 



or, by the proper change of variables, 

<-2x-Ti 

x(w)x(w)dw 



x(w)x(w)dw =>• I2 = —Iz- 



So, by eqs. JT4J), (|T5J) and ([16]). we finally get 

1(0) = I x + h + h + h = => M(0) = 0. 



For <f> = 7r, 
it is 



^( 7r ) = / x(w)x(w — 7r)dw = — I x(w)x(w)dw = —1(0) = 0. 
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(16) 



□ 



Remark: The above proof is somehow "unnecessary" and could be done, a lot easier, in 
two ways. Firstly, since 

I(<fi) = / x(w)x(w — (j))dw = —2ttu sm(m<f) 
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it is I(<fi) — for <\> — 0, 7r by construction. Secondly, due to the parity property of the 
product x(w)x{w) (or equivalently the x(w)x(w — 7r) product), the corresponding integral 
over a period is zero. 

But we chose to present the above proof as a guideline for the proof of lemma El 

Lemma 3. The value of I(4>) for <fi G (0, 2ir) \ {t:} is different from zero. In particular 
I(4>)>0 for <j> G (0,tt) and I{<j>) <0 for <f> G (7r,27r). 

Proof. Let < cj> < n. 

We will examine first the case example of (j> = ir/8. Since it is 

/ x(w)x(w — <p)dw = / x(w)x(w ~ <f))dw, 
Jo J<j> 

due to the periodicity of the functions under integration, we choose to use the rhs integral 
instead of the original one, since it is more convenient for calculations. In this case, we 
divide the integral under consideration into six parts, as shown in figlH 



4> = tt/S 




FIG. 4: The displacement x(w) and the phase-shifted velocity x(w — <f>) of an uncoupled oscillator 
in the <f> = tt/8 case. In the figure, the different integration intervals are depicted. 

Our goal is to show that Ix + Iq > 0, I3 + 14, > and since it is I2, 15 > 0, we get finally 




= h + h + h + h + h +h>0. 



We will show first that 13 + 14 > 0. Let u>o = tt + <fi and Aw = ui — wq = 2ir — T—(ir + <fi) = 
7r — T\ — <p. Then for ^ z ^ Aw it is 

— x(ir — z) = x(ir + z) =>• —x(wq — <fi — z) — x(wq — 4> + z) > (17) 

and 



x(wq — z) < x(wq + z). 



(18) 
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The last inequality is obvious in the monotonic part of x(w) (it ^ wq — z ^ wi — 2ir — Tj => 
z ^ <j)). But this is true even when wq — z < it z > 4>. Let z = 4> + Az = wq — tt + Az, 
then, by using the x(ir + z) = x(tt — z) symmetry, we have 

x(wq — z) = x(wq — (wq — it + Az)) = x(n — Az) — x(ir + Az) — x(2ir — wq + z) < x(wq + z) 

in the last inequality we used the fact that 2tt — wq + z = tt — <p + z and n < n + Az = 
ir — (f) + z<ir + (f) + z = wo + z. 

So, from cqs. Q11Q2]) we get, for O^z^ Aw, 

—x(wq — z) x(wq — 4> — z) < x(wq + z) x(wo — (f> + z) 

Aw />Aw 

x(wq — z)x(wq — <fi — z)dz < / x(wq + z)x(wq — <fi + z)dz 



we perform the z = wq — v\ change of variables to the lhs and the z — wq + v 2 one to the 
rhs and we get 

Wq — Aw pWq + Aw 

x{vi) x{vi - z) dvi < / x(v 2 ) x(v 2 - 4>) dv 2 

W Jwq 

or, since Vi, v% are dummy variables 

I pWq+Aw 

x(w)x(w — <p)dw < / x(w)x(w — cj))dw 

Wq — Aw Jwq 
Wq 1>Wq-\-Aw 

x(w) x(w — 4>) dw + / x(w) x(w ~ (j)) dw > 

Wo— Aw J Wq 

TT + 4> p27T — Tl 

x(w) x(w — <fi) dw + / x(w) x(w — <fi) dw > 

20+Ti Jir+<f> 

h+h> 0. (19) 

We will consider now the I\ + Iq sum. Let wo — (j) and Aw =T\ — (f>. Then we have for 
Q^z^Aw 

-x(z) = x(2n - z) > 

and 

x(tp + z) < x(2tt + (j) — z), 

where we have used similar symmetry arguments as the ones we used in order to acquire 
inequality (flgj) . So, 

—x(4> + z) x(z) < x(2tt + <j) — z) x(2ir — z) 

Aw fAw 

x(cf> + z) x(z) dz < x(2tt + <f> — z) x(2ir — z) dz 
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Let z = V\ — <fi for the lhs and 2n — z = v 2 — (f> for the rhs 

cp+Aw />2tt+0 — Aw 

x(vi) x(vi — 4>) d«i < / x(v 2 ) x(v 2 - (f>) dv 2 

x(w) x(w — <f>) dw + / x(w) x(w) dw > 

J 27T+ip-Aw 

h+I 6 >0 (20) 
Since it is also I 2 , I5 > 0, we get also from ([19]) and (f20|) that 

/(tt/8) = h + h + h + h + h + h>0. 
As it is obvious from the proof procedure above, in order to prove that 

p2tt 

I{4>) = / x(w)x(w - f>)dw > V < tfi < 7T 
Jo 

we have to examine separately various intervals of <f> depending on the behavior of x(w) and 
x(w — 4>) in these regions. In order to determine these regions we have first to determine 
weather T\ > -| or T\ < ^. Without loss of generality, we will consider the first case since 
that is the case for the on-site potential we use in this work. For the 7i < ? case, the 
methodology is similar. The qualitatively different intervals of 0, we have to examine in the 
(0, 7r) interval, are: 

• < 2<f> ^ 7T — Ty. This is the case for <fi = n/8 which we have already examined and 
is depicted in fig'Hl In this region the integration interval of -Z3 and Iq contain the 
extrema of x(w) so we have to use the symmetry properties around the extrema as 
we did in order to prove inequality (TT51) . 

• 7r — T\ < 2(f) ^ T%: As an example of this interval we consider (f> — 7r/4, which is 
depicted together with all the remaining cases in figEJ In this case again we calculate 

the I((f>) = J^ + ^ x(w)x(w — cf>)dw integral which is divided in six regions. Only the 
integration interval of Iq contains an extremum of x(w) and we need the symmetry 
properties around the extremum like the ones we used in (|18[) in order to prove ii+-?6 > 
0. In addition we have I3 + 14 > and I 2 , I5 > 0, so finally /(</>) > 0. 

• Ti < 2(f> ^ 2w — T\\ As an example of this interval we consider <f> — 37r/8. We use 
[0, 2tt] as the integration interval for the calculation of /(</>), which is divided in 7 
regions, as it shown in fig. [SJ In this case we can show, by using similar arguments 
as in the previous cases, that I 2 + I3 > and 1$ + J@ > while I\, I2, h > 0. 
So, finally > 0. Note that in this case none of the I 2 , I3, 1$, Iq contains an 
extremum of x(w) so no extra symmetry conditions around the extrema are needed 
for the argument to be proved. 

• 2tt — Ti < 2(f) ^ it + Ti: As an example of this interval we consider <f> = 37r/4. In this 
case we use the integration interval [V/4, 97r/4] for the calculation of I ((f)) which we 
divide in seven regions, as it can be seen in fig. [5] In this case we have I 2 + I3 > 0, 
T5 + h > 0, while T, h, I7 > 0, so, I((f>) > 0. 

• 7r + Ti < 2(f) < 7r:As an example of this interval we consider (f> — 7tt /8. In this case 
we use the integration interval [ir/2, bir/2] for the calculation of I((f>) which we divide 
again in seven regions, as it can be seen in fig. [5] In this case we have I 2 + I3 > 0, 
h + h > 0, while T, h, I7 > 0, so, 1(f)) > 0. 
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c/> = 7r/4 = 3tt/8 




FIG. 5: The displacement x(w) and the phase-shifted velocity x(w — 4>) of an uncoupled oscillator 
in the <f> = 7r/4, = 3n/8, <f> = 37r/4, <f> = 77r/8 cases. The solid lines, which are vertical to the 
axes, represent the integration interval we use for the calculation of I(<f)) in the various cases. The 
subintervals we use for this calculation in each case are depicted as well. 

So, since we have shown that our claim holds for tfi in every subinterval < < 7r we 
conclude that 



/(</>) > 0, V (j) G (0,tt). 
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With exactly similar arguments it can be shown that 

7(0) < 0, V € (7r,27r). 

□ 

Now we are ready to proof our main theorem. 

Theorem 2. In one- dimensional KG with nearest neighbor interactions no phase- shift 
multibreathers can be supported. 

Proof. In order to prove this theorem it is sufficient to show that the persistence conditions 
(fj| have only the fa = 0,7r mod 2n solutions V i = l...n. Since eqs. ([J} consists of n 
independent equations, we have only to examine just one of them i.e. M{fa) = 0. Indeed, 
since by lemmas [5] and [3] we know that for <j> s [0, 27r) the only solutions of I(fa) = are 
(f> = and 7r this means, by lemma [TJ that M(fa) = has the same solutions. □ 

IV. CONCLUSIONS 

It is well known that one-dimensional Klein-Gordon (KG) lattices with nearest-neighbor 
(NN) interactions support multibreathers with the standard phase-difference fa = 0,7r be- 
tween adjacent central oscillators. On the other hand there are strong evidences that phase- 
shift breathers i.e. multibreathers with fa =^ or tt cannot exist in this classical KG setting. 

In the present work we prove that, indeed, the only configurations that can exist in a 
classical KG ID lattice with NN interactions are the standard one fa — 0,7r. This fact 
excludes the existence of phase-shift breathers and, as it has been shown in [lOj . it also 
clarifies the stability image for the existing multibreathers i.e. if P = e§jj < the anti- 
phase configuration is the only stable one, while for P > the in-phase configuration is the 
only stable multibreather solution. 

On the other hand, as it has been recently shown 11], in ID KG chains where interactions 
with range larger than just the nearest-neighbor ones are considered, phase-shift breathers 
can be supported, giving rise to radically different stability scenaria. 
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